Most of the all-quantum-mechanical calculations of line shape relaxation cross sections that have been previously published were based on the ''impact approximation'' allowing us to express off-diagonal elements in terms of collision theory S-matrices. Two consequences of that approximation are pointed out. The first is that impact cross sections do not obey detailed balance except in limited cases. The second, which is shown of more severe consequence for line coupling applications, is the loss of a sum rule relating the off-diagonal elements ͑coupling a given line to all the others͒ to the diagonal one. Finally, it appears clearly that off-the-energy shell calculations with realistic potential surfaces are absolutely necessary for ab initio computing line shapes of overlapping lines.
I. INTRODUCTION
Considerable progress has been made in the understanding and treatment of spectral line shapes from first principles basis. It is now generally recognized that the Liouville space formalism describes that type of relaxation processes in the simplest way. After Baranger 1 who introduced the method, the essential progress was due to Fano 2 who has adapted the projection operator method of Zwanzig to the line shape problem and the formalism was further developed by Ben Reuven 3 and Shafer and Gordon. 4 As a result the line shape can be written in terms of the relaxation operator, W(), reducing thus the problem to the calculation of the matrix elements of that operator in the Liouville space. When line mixing is important, i.e., for overlapping lines or in the far wing region, the theoretical analysis are facilitated by verifying that some ''fundamental'' rules are maintained in each step of the derivation since, of course, a number of approximation needs to be introduced in order to obtain a ''tractable'' formalism. Two of these rules are of particular interest:
͑i͒ One coming from the detailed balance principle, 3 ,5
where k is the population of the initial level i of line kϵi → f ; W()ϵ͗͗l͉W()͉k͘͘ is the off-diagonal element coupling line k to line lϵiЈ→ f Ј;
͑ii͒ And the other one, called the sum rule, providing a connection between the off-diagonal elements and the diagonal matrix element of the relaxation operator in the line space, at least in the rigid rotor limit, [5] [6] [7] 
In these equations, d l (n) is the reduced matrix element of the tensor of rank (n) describing the radiation-matter interaction (nϭ1 for IR absorption•••͒ and the sum should be extended to all lines l coupled to the given line k, including term in lϭk.
In view of the complication of the problem as a whole, it seems essential to take advantage of any simplifying feature that may be available. To this end, we will only consider here situations in which the ''impact approximation'' may be thought to be valid, so that 3 ͑i͒ W() is evaluated to first order in the bath density ͑binary collisions͒; ͑ii͒ Only completed collisions are considered. With this assumption, W is independent of and may be expressed in terms of scattering S matrices. 4 As is now well known, 8 the essential step in the impact approximation replaces all off-energy-shell transition matrices by on-energy-shell elements. As a result, it was recently shown that the ''impact,'' relaxation matrix no longer satisfies the detailed balance Eq. ͑1͒, except for the real part of W lk in the very high temperature limit. 9, 10 Then, in the conclusion of Ref. 10, Monchick suggested that off-the-energy shell calculations are not only desirable but also necessary for computing line shapes since the range of applicability of the impact formalism is much smaller than had been suspected.
The present note focuses on the sum rule Eq. ͑2͒ which is known to be fundamental in the case of overlapping lines ͑more than detailed balance͒. 11 It will be shown that the sum rule, too, holds only approximately within the impact approximation, even for systems in which this approximation may be thought, at first glance, to be sufficient. Far from being totally a surprise, this result will strengthen the conclusion of Monchick cited above. 10 In this study we will be concerned with two atomdiatom systems: CO-helium for which the impact approximation may be expected to be valid and a counterexample: HF-argon.
The conditions of validity of the impact approximation have been discussed by numerous authors and may be defined in terms of the spectrum itself. If k ( l ) is the transition frequency of the line k(l) and c is the duration of the efficient collisions, it is known that the frequency dependence of a relaxation matrix element W lk () may be neglected for detuning ͉Ϫ 
For CO-He, where short-range collisions corresponding to small impact parameters are predomdinant, 11, 12 c is of the order of 0.03ϫ10 Ϫ12 s at 292 K which corresponds to c Ϫ1 Ϸ177 cm Ϫ1 . Since the active molecule is relatively heavy ͑rotational constant Bϳ2 cm Ϫ1 for CO͒ it may be easily shown that relation ͑3͒ is not too restrictive and that most of the relaxation matrix elements may be calculated within the impact limit ͑provided that one does not consider the far wing line shape͒.
Most of the previous impact analysis of the CO-He infrared line shapes were based on that qualitative justification of the impact approximation. 6, 8, 9, [11] [12] [13] Of course the situation would be completely different for a light molecule like HF, since in that case B is of about 20 cm
Ϫ1
. Moreover with argon as a perturber, the duration of the efficient collisions will be of a fraction of picosecond ( c Ϫ1 Ϸ0.3 ps͒ and the impact model would be completely inadequate even for describing the absorption in the windows between resonance lines.
Since accurate calculations of the impact relaxation matrix for CO-He and HF-Ar are available, 14, 15 they give us an opportunity of a more quantitative analysis of the validity of the impact approximation.
II. CHARACTERISTICS OF IMPACT INFRARED COUPLING CROSS SECTIONS
Since experiments measure an energy average of the relaxation matrix, the W lk elements may be expressed in terms of thermally averaged cross sections by
where xϭE/kT is a dimensionless kinetic energy, v is the mean relative velocity, and n b is the perturber density. From Eqs. ͑4͒ and ͑2͒, it appears that the sum rule has to be verified for every value of E, whereas the detailed balance Eq. ͑1͒ for thermally averaged cross sections will be a consequence of a relationship usually specified as microscopic reversibility,
where E j k is the rotational energy of the initial level j k of line k.
Since it has been already established that the impact approximation predict imaginary parts of these complex cross sections that are too large and do not satisfy the expected detailed balance relation Eq. ͑1͒, 10 the present discussion will be restricted to the analysis of the real parts only.
Accurate calculations for both diagonal and off diagonal cross sections were performed by Green et al.
14 for the CO perturber by He within the Shafer-Gordon formalism, 4 for a rather wide grid of kinetic energies with close coupling ͑CC͒ as well as with the coupled state ͑CS͒ approximate scattering method which was shown to be of quantitative accuracy.
More recently, diagonal ͑i.e., widths͒ cross sections for HF in Ar were calculated by Green and co-workers 15, 16 at the close coupling and CS levels, using the MOLSCAT computer code. 17 In order to examine the validity of Eqs. ͑1͒, ͑2͒, ͑5͒, and ͑6͒ for that system, the calculations of Refs. 15 and 16 have been extended in the present work to obtain converged CC ͑and CS͒ off-diagonal cross sections.
Calculations of Ref. 14 for CO-He were done within the rigid rotor approximation. Thus the sum in Eqs. ͑2͒ or ͑5͒ may be restricted to the lines l of the same vibrational band as line k. For HF-argon, calculations were also only done within a given vibrational level so that no vibrational dephasing exists. Consequently, here too, the exact sum rule Eqs. ͑2͒ or ͑5͒ will be restricted to the lines of the same vibrational band. Let us only recall that if vibrational dephasing would have been taken into account, the sum in Eq. ͑2͒ would be equal to the pure vibrational dephasing width instead of zero.
III. DETAILED BALANCE AND THE MICROSCOPIC REVERSIBILITY
Examples of both the kinetic energy and line numbers dependencies of the real parts of Fig. 1 for CO-He. As expected when the kinetic energy increases, the number of energetically inaccessible channels decreases. From these calculations the validity of Eq. ͑6͒ may be easily analyzed. Figure 2 is a graphic illustration of Eq. ͑6͒. We show a comparison for cross sections coupling R(10) to some other R( j) lines between data directly calculated with the MOLSCAT algorithm and deduced from Eq. ͑6͒. as a function of line numbers and for two temperatures 296 and 78 K corresponding, respectively, to an averaged kinetic energy Ē ϭ(4/)kT of 262 and 69 cm
Ϫ1
. As expected from the previous result about microscopic reversibility, the detailed balance is approximately verified for not too distant lines, i.e., those for which the energy threshold for upward coupling is much smaller than Ē . Consequently, the Boltzmann average gives an insignificant weight to the points which do not obey microscopic reversibility, at least for these sufficiently high temperatures.
For HF-argon, results ar rather similar for adjacent lines, as it appears from Fig. 5͑a͒ . Note only that, since the HF rotational constant is about ten times that of CO, the energy thresholds for upward coupling are higher for HF and may reached easily values around Ē even at high T. Consequently, the deficiency of the microscopic reversibility observed around the thresholds will lead, after Boltzmann average, to a deficiency of detailed balance. If we consider now a typical case of distant lines ͓cf. Fig. 5͑b͔͒ , it appears clearly that the microscopic reversibility is not at all verified.
These deficiencies of the Shafer-Gordon formalism 4 has been already analyzed by Monchick 9 and recognized as a consequence of the impact approximation through the neglect of off-the-energy shell T matrices. This assumption may be easily corroborated by ''artificially'' changing the HF rotational constant from 20 cm Ϫ1 to 2 cm Ϫ1 ͑that of CO͒. As it appears from Fig. 6 , the validity of the microscopic reversibility has been strongly improved, at a level similar to that observed for CO for which it has been ascertained that the Shafer-Gordon formalism is valid at least in the high energy ͑and temperature͒ asymptotic limit. In the next section, it will be shown that a more stringent rule for line mixing applications is not verified by the Shafer-Gordon formalism.
IV. THE SUM RULE
It is worth reiterating here the importance of the sum rule in applications involving line coupling as will be shown later on ͓see Sec. V͔. Figure 7 presents an extensive analysis of the validity of the sum rule ͓Eq. ͑5͒ as a function of the kinetic energy and for typical R( j) lines, i.e., from low to high j values. The deviation from the sum rule can be made more visually evident by considering
which should be equal to 1, according to Eq. ͑5͒. Calculations were done, for CO-He, mainly within the CS approximate method. Some converge close coupling ͑CC͒ ''exact'' values are also given which demonstrates, once more for that system, the quantitative accuracy of the CS method. The most striking point is that the sum rule is only approximately verified by the Shafer-Gordon formalism and may be in some cases ͓low J, low kinetic energy͔ strongly transgressed. Far from being totally a surprise, this result as well as the approximate validity of the detailed balance principle is a consequence of the impact approximation. As is well known, considering only completed collisions allows us to write offdiagonal coupling elements in terms of S-matrices elements. However this breaks down immediately the validity of the sum rule Eq. ͑5͒ since it can be easily shown that validity of Eq. ͑5͒ would require for IR absorption, that the dipole operator commutes with the rotational Hamiltonian of the active molecule, which is not true.
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Note that, contrary to the infrared absorption ͑or anisotropic Raman diffusion͒, that difficulty disappears in the case of isotropic Raman diffusion, 19 where the isotropic polarizability is a constant. Consequently it can be easily verified that the Shafer-Gordon formalism verifies the sum rule in that particular situation, at least in the rigid rotor limit.
If instead of CO ͑rotational constant BϷ2 cm Ϫ1 ͒ we consider now a lighter molecule like HF (BϷ20 cm Ϫ1 ͒, it appears from Fig. 8 that the Shafer-Gordon formalism does not verify the sum rule at all. A more detailed analysis shows that the deficiency is due to calculation of the off-diagonal elements since most of them, as calculated from the impact formalism, are practically negligible, as it appears from the characteristic examples given in Fig. 9 .
Note that a similar result was previously obtained for a rather similar system, HCl-Ar. 20 Consequently the sum of all these ͑zero͒ off-diagonal elements cannot compensate in Eq. ͑5͒ the diagonal contribution ͑linewidth cross section͒. To ascertain this analysis, we have, here too, ''artificially'' changed the rotational constant of HF, from 20 to 2 cm Ϫ1 ͑see Fig. 8͒ . As a consequence the validity of the sum rule has been strongly improved. This failure of the impact approximation implies that for systems like HF-argon off-theenergy shell calculations starting from realistic intermolecular potential are absolutely needed, for calculating ab initio line shapes. Is it true also for CO-He since in that case, results are not so bad? The calculation plotted in Fig. 10 gives the results obtained for the sum rule, after Boltzmann average over the kinetic energy for two temperatures 296 and 78 K. We obtain values of ⌬S k around 15% at 296 K and 20% at 78 K. It will be shown in the last section that this level of accuracy of the sum rule is not acceptable.
V. INFLUENCE OF THE SUM RULE ON THE INFRARED MICROWINDOWS ABSORPTION
Indeed it exists measurements that are particularly sensitive to the accuracy of the sum rule which can be probed by this way, namely, the absorption in the microwindows located between the lines, in the near wing of the band. Strong modifications of the absorption in the troughs between the lines, with respect to an additive superpositive of Lorentzian profiles ͑no mixing͒ were observed. 6 These modifications were emphasized by introducing the dimensionless band correction function,
where K() is the measured ͑or calculated͒ absorption coefficient while K L () is that expected from a sum of Lorentzian lines ͑no mixing͒. It was shown in Ref. 11 that, for the ''far microwindows,'' i.e., those located between high-J R lines, far from the most intense lines, the dimensionless correction function may be approximated by
It results from Eq. ͑9͒ that for far microwindows, () is frequently independent and is a direct measurement of the accuracy of a weighted sum rule ͑recall that k d k 2 is nothing but the intensity of line k͒. Such a behavior is well observed at 78 K as it appears in Fig. 11 .
However the ab initio quantum calculation strongly overestimates the absorption in the troughs since, at 78 K, ͗⌬S k ͘Х0.2ϭ ϱ (). The great sensitivity of the wing absorption to the accuracy of the sum rule may be illustrated by adjusting the diagonal element in order to obtain the wanted level of accuracy. Comparison of experimental data with various calculations suggests that the better the sum rule is verified the better is the agreement. This results explains why the first comparison of quantum calculations 9 with the experimental data 6 was rather disappointing; they gave less agreement with experiment than more approximate models; the ECS model developed in Ref. 9 or the semiclassical approach of the Saint-Petersburg's group. 6 However all these approximate methods verified exactly the sum rule and it is now clear that the ''better calculation'' gave somewhat inferior agreement because in the Shafer-Gordon formalism, this property is lost: even a few percent of uncertainty on the sum rule leads to variation of the wind absorption well above the experimental uncertainty. , Diagonal elements are adjusted so that ͗⌬S k ͘ϭ0. For HF-argon, neglect of vibrational dephasing is only valid for the pure rotational band. On the opposite it has been shown to be a very good approximation for CO-He since the pure vibrational dephasing width is very small in that case ͓␥ v Х at ͔ ͑Ref. 19͒. Figure 2 gives some comparison between cross sections directly calculated with the MOLSCAT algorithm and deduced from Eq. ͑6͒ ͓coupling of R(10) to some R(J) lines͔.
VI. CONCLUSION
Even if the impact approximation theory and state of the art close coupled solutions of the scattering equations for calculating ab initio line shapes are now so far advanced that it is almost routine to calculate ab initio line shapes, this theory has several rather serious limitations. Most of them are known for a long time but their consequences are most of the times forgotten. In a previous work 9 we have shown that the imaginary parts of the cross sections as calculated from the Shafer-Gordon formalism do not respect the detailed balance principle. Similarly the real parts may approximately verify detailed balance ͑CO-He at high temperature͒ or not at all ͑HF-argon͒. But the analysis by Monchick 10 has shown that cross sections must satisfy the detailed balance. He has related these defects of the Shafer-Gordon formalism to the fact that it left out incomplete collisions, i.e., off-theenergy T matrices. The purpose of the present work was to point out a more severe consequence of the impact approximation; the loss of the sum rule Eq. ͑5͒. Even for a system like CO-He for which it may be thought that the impact approximation is not very restrictive, it appears that its range of applicability is much smaller than has been suspected. In our opinion the present work should give more importance to the conclusion of the previous paper by Monchick: 10 ''the results in the present study suggest that off-shell scattering is of more immediate importance to line shape theory than was suspected and that this constitutes another impetus for offshell molecular scattering calculations in the near future.''
